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Abstract
The second-order m-point boundary value problem{
ϕ′′(x) + h(x)f (ϕ(x)) = 0, 0 < x < 1,
ϕ(0) = 0, ϕ(1) =∑m−2
i=1 aiϕ(ξi),
is considered under some conditions concerning the first eigenvalue of the relevant linear operator,
where ξi ∈ (0,1) with 0 < ξ1 < ξ2 < · · · < ξm−2 < 1, ai ∈ [0,∞) with
∑m−2
i=1 ai < 1. h(x) is al-
lowed to be singular at x = 0 and x = 1. The existence of positive solutions and multiple positive
solutions is obtained by means of fixed point index theory. Similarly conclusions hold for some other
m-point boundary value conditions.
 2003 Elsevier Inc. All rights reserved.
Keywords: Second-order singular equation; Multi-point boundary value problem; Positive solution; Cone; Fixed
point index
1. Introduction and preliminaries
The existence of positive solutions for nonlinear second-order multi-point boundary
value problems has been studied by many authors using nonlinear alternative of Leray–
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G. Zhang, J. Sun / J. Math. Anal. Appl. 291 (2004) 406–418 407Schauder, coincidence degree theory and fixed point theorem in cones (see [1–7] and
references therein). In this paper, we consider the second-order m-point boundary value
problem

ϕ′′(x) + h(x)f (ϕ(x))= 0, 0 < x < 1,
ϕ(0) = 0, ϕ(1) =
m−2∑
i=1
aiϕ(ξi),
(1.1)
where ξi ∈ (0,1) with 0 < ξ1 < ξ2 < · · · < ξm−2 < 1, ai ∈ [0,∞) with ∑m−2i=1 ai < 1.
h(x) is allowed to be singular at x = 0 and x = 1. The existence of positive solutions
and multiple positive solutions is obtained by means of fixed point index theory under
some conditions concerning the first eigenvalue with respect to the relevant linear op-
erator which is different from those in the previous works (see [1,2]), for example, the
sublinear or superlinear conditions: limu→0+ f (u)/u = +∞, limu→+∞ f (u)/u = 0; or
limu→0+ f (u)/u = 0, limu→+∞ f (u)/u = +∞. The eigenvalue criteria of this sort for
nonlinear two-point boundary value problems is established in [8,11]. For the concepts
and properties of fixed point index theory we refer to [12].
In Banach space C[0,1] in which the norm is defined by ‖ϕ‖ = max0x1 |ϕ(x)|, we
set
P = {ϕ ∈ C[0,1] ∣∣ ϕ(x) 0, x ∈ [0,1]}. (1.2)
P is a positive cone in C[0,1]. Throughout this paper, the partial ordering is always given
by P . We denote by Br = {ϕ ∈ C[0,1] | ‖ϕ‖ < r} (r > 0) the open ball of radius r .
We make the following assumptions:
(H1) h : (0,1) → [0,+∞) is continuous, h(x) ≡ 0, and
1∫
0
h(x) dx < +∞. (1.3)
(H2) f : [0,+∞) → [0,+∞) is continuous.
(H3)
∑m−2
i=1 ai < 1.
ϕ is said to be a positive solution of (1.1) if ϕ ∈ C[0,1]∩C2(0,1), ϕ(x) > 0, x ∈ (0,1),
and satisfies (1.1).
Set
k1(x, y) =
{
x(1 − y), 0 x  y  1,
y(1 − x), 0 y  x  1. (1.4)
Let D =∑m−2i=1 aiξi , and
k˜i (x, y) =
{
− ai
(1 − D)x(ξi − y), 0 y  ξi, x ∈ [0,1],
0, ξi  y  1, x ∈ [0,1],
i = 1,2, . . . ,m − 2; (1.5)
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m−2∑
i=1
k˜i (x, y)+ D1 −Dx(1 − y), 0 x, y  1. (1.6)
Obviously k(x, y) is continuous on [0,1] × [0,1] and k(x, y) 0 (0 x, y  1) by (H3).
Let
(Aϕ)(x) =
1∫
0
k(x, y)h(y)f
(
ϕ(y)
)
dy, x ∈ [0,1], (1.7)
(T ϕ)(x) =
1∫
0
k(x, y)h(y)ϕ(y) dy, x ∈ [0,1]. (1.8)
Lemma 1. Suppose that (H1)–(H3) are satisfied, then A : P → P is a completely contin-
uous operator.
See [9,10] for the proof of Lemma 1.
It is not difficult to verify that the nonzero fixed points of the operator A are the positive
solutions of the second-order m-point boundary value problem (1.1). In addition, we have
from (H1) and (H3) that T : C[0,1] → C[0,1] is a completely continuous linear operator
and T (P ) ⊂ P .
By virtue of Krein–Rutmann theorems, we have (see [13]) the following lemma.
Lemma 2. Suppose that T : [0,1] → C[0,1] is a completely continuous linear operator
and T (P ) ⊂ P . If there exist ψ ∈ C[0,1]\(−P) and a constant c > 0 such that cT ψ ψ ,
then the spectral radius r(T ) = 0 and T has a positive eigenfunction ϕ1 corresponding to
its first eigenvalue λ1 = (r(T ))−1, that is, ϕ1 = λ1T ϕ1.
Lemma 3. Suppose that (H1) and (H3) are satisfied, then for the operator T defined by
(1.8), the spectral radius r(T ) = 0 and T has a positive eigenfunction corresponding to
its first eigenvalue λ1 = (r(T ))−1.
Proof. It is easy to see that there is x1 ∈ (0,1) such that k(x1, x1)h(x1) > 0. Thus there
exists [α,β] ⊂ (0,1) such that x1 ∈ (α,β) and k(x, y)h(y) > 0, ∀x, y ∈ [α,β]. Take ψ ∈
C[0,1] such that ψ(x)  0, ∀x ∈ [0,1], ψ(x1) > 0, and ψ(x) = 0, ∀x ∈ [α,β]. Then for
x ∈ [α,β],
(T ψ)(x) =
1∫
0
k(x, y)h(y)ψ(y) dy 
β∫
α
k(x, y)h(y)ψ(y) dy > 0.
So there exists a constant c > 0 such that c(T ψ)(x) ψ(x), ∀x ∈ [0,1]. From Lemma 2,
we know that the spectral radius r(T ) = 0 and T has a positive eigenfunction correspond-
ing to its first eigenvalue λ1 = (r(T ))−1. 
To prove our main results, we also need the two following lemmas (see [12]).
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set in P . Suppose that A : Ω(P) → P is a completely continuous operator. If there exists
u0 ∈ P\{θ} such that
u − Au = µu0, ∀u ∈ ∂Ω(P), µ 0,
then the fixed point index i(A,Ω(P),P ) = 0.
Lemma 5. Let E be a Banach space, and P be a cone in E, and Ω(P) be a bounded open
set in P with θ ∈ Ω(P). Suppose that A : Ω(P) → P is a completely continuous operator.
If
Au = µu, ∀u ∈ ∂Ω(P), µ 1,
then the fixed point index i(A,Ω(P),P ) = 1.
2. Existence of positive solutions
Theorem 1. Suppose that the conditions (H1)–(H3) are satisfied, and
lim
u→0+
inff (u)/u > λ1, (2.1)
lim
u→+∞ supf (u)/u < λ1, (2.2)
where λ1 is the first eigenvalue of T defined by (1.8). Then the m-point boundary value
problem (1.1) has at least one positive solution.
Proof. It follows from (2.1) that there exists r1 > 0 such that
f (u) λ1u, ∀0 u r1. (2.3)
Let ϕ∗ be the positive eigenfunction of T corresponding to λ1, thus ϕ∗ = λ1T ϕ∗.
For every ϕ ∈ ∂Br1 ∩ P , it follows from (2.3) that
(Aϕ)(x) λ1
1∫
0
k(x, y)h(y)ϕ(y) dy = λ1(T ϕ)(x), x ∈ [0,1]. (2.4)
We may suppose that A has no fixed point on ∂Br1 ∩P (otherwise, the proof is finished).
Now we show that
ϕ − Aϕ = µϕ∗, ∀ϕ ∈ ∂Br1 ∩ P, µ 0. (2.5)
If otherwise, there exist ϕ1 ∈ ∂Br1 ∩ P and τ0  0 such that ϕ1 − Aϕ1 = τ0ϕ∗. Hence
τ0 > 0 and
ϕ1 = Aϕ1 + τ0ϕ∗  τ0ϕ∗.
Put
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It is easy to see that τ ∗  τ0 > 0 and ϕ1  τ ∗ϕ∗. We find from T (P ) ⊂ P that
λ1T ϕ1  τ ∗λ1T ϕ∗ = τ ∗ϕ∗.
Therefore by (2.4),
ϕ1 = Aϕ1 + τ0ϕ∗  λ1T ϕ1 + τ0ϕ∗  τ ∗ϕ∗ + τ0ϕ∗,
which contradicts the definition of τ ∗. Hence (2.5) is true and we have from Lemma 4 that
i(A,Br1 ∩ P,P ) = 0. (2.7)
It follows from (2.2) that there exist 0 < σ < 1 and r2 > r1 such that
f (u) σλ1u, ∀u r2. (2.8)
Let T1ϕ = σλ1T ϕ, ϕ ∈ C[0,1]. Then T1 : C[0,1] → C[0,1] is a bounded linear opera-
tor and T1(P ) ⊂ P . Let
M =
(
max
0x,y1
k(x, y)
)
sup
ϕ∈Br2 ∩P
1∫
0
h(y)f
(
ϕ(y)
)
dy. (2.9)
It is clear that M < +∞. Let
W = {ϕ ∈ P | ϕ = µAϕ, 0 µ 1}. (2.10)
In the following, we prove that W is bounded.
For any ϕ ∈ W , set ϕ˜(x) = min{ϕ(x), r2} and denote E(ϕ) = {x ∈ [0,1] | ϕ(x) > r2},
then
ϕ(x) = µ(Aϕ)(x)
1∫
0
k(x, y)h(y)f
(
ϕ(y)
)
dy
=
∫
E(ϕ)
k(x, y)h(y)f
(
ϕ(y)
)
dy +
∫
[0,1]\E(ϕ)
k(x, y)h(y)f
(
ϕ(y)
)
dy
 σλ1
1∫
0
k(x, y)h(y)ϕ(y) dy +
1∫
0
k(x, y)h(y)f
(
ϕ˜(y)
)
dy
 (T1ϕ)(x) + M, x ∈ [0,1]. (2.11)
Thus ((I − T1)ϕ)(x)M , x ∈ [0,1]. Since λ1 is the first eigenvalue of T and 0 < σ < 1,
the first eigenvalue of T1, (r(T1))−1 > 1. Therefore, the inverse operator (I − T1)−1 exists
and
(I − T1)−1 = I + T1 + T 21 + · · · + T n1 + · · · . (2.12)
It follows from T1(P ) ⊂ P that (I − T1)−1(P ) ⊂ P . So we have ϕ(x) (I − T1)−1M ,
x ∈ [0,1] and W is bounded.
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index we have
i(A,Br3 ∩ P,P ) = i(θ,Br3 ∩ P,P ) = 1. (2.13)
By (2.7) and (2.13), we have that
i
(
A, (Br3 ∩ P)\(Br1 ∩ P),P
)= i(A,Br3 ∩ P,P ) − i(A,Br1 ∩ P,P ) = 1.
Then A has at least one fixed point on (Br3 ∩ P)\(Br1 ∩ P). This means that m-point
boundary value problem (1.1) has at least one positive solution. 
Remark 1. The method in Theorem 1 is different from that in the previous works which
rely on the concavity of solutions (e.g., [1,2]).
Now we introduce
P1 =
{
ϕ ∈ C[0,1] ∣∣ ϕ is non-negative and concave}. (2.14)
It is easy to check that P1 is a cone in C[0,1] and P1 ⊂ P . Through direct calculation,
we have (Aϕ)′′(x) = −h(x)f (ϕ(x))  0, x ∈ [0,1] for every ϕ ∈ P1. So (Aϕ)(x) is a
non-negative concave function and A(P1) ⊂ P1.
Let
(Tτu)(x) =
1−τ∫
τ
k(x, y)h(y)ϕ(y) dy, x ∈ [0,1], (2.15)
where τ ∈ (0,1/2) such that h(x) ≡ 0, x ∈ (τ,1− τ ). It is clear that Tτ : C[0,1] → C[0,1]
is a completely continuous linear operator and Tτ (P ) ⊂ P . By the same method as in
Lemma 3, we have from (H1) and (H3) that the spectral radius r(Tτ ) = 0 and Tτ has a
positive eigenfunction corresponding to its first eigenvalue λτ = (r(Tτ ))−1.
Lemma 6. Suppose the conditions (H1) and (H3) are satisfied, then there exists a eigen-
value λ˜1 of T defined by (1.8) such that λτ → λ˜1 as τ → 0+, where λτ is the first
eigenvalue of Tτ defined by (2.15).
Proof. Take τn ∈ (0,1/2) (n = 1,2, . . .) satisfying τ1  τ2  · · ·  τn  · · · and τn → 0
(n → ∞) such as h(x) ≡ 0, x ∈ (τ1,1 − τ1). For m > n and ϕ ∈ C[0,1], we have
(Tτnϕ)(x) (Tτmϕ)(x) (T ϕ)(x), ∀x ∈ [0,1].
It is easy to show that(
T kτnϕ
)
(x)
(
T kτmϕ
)
(x)
(
T kϕ
)
(x), ∀x ∈ [0,1], k = 1,2, . . . .
Consequently, ‖T kτn‖ ‖T kτm‖ ‖T k‖, k = 1,2, . . . . By Gelfand’s formula we have λτn 
λτm  λ1, where λ1 is the first eigenvalue of T defined by (1.8). Let λτn → λ˜1  λ1 as
n → ∞.
In the following, we prove that λ˜1 is a eigenvalue of T .
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ϕτn(x) = λτn
1−τn∫
τn
k(x, y)h(y)ϕτn(y) dy, (2.16)
satisfying ‖ϕτn‖ = 1 (n = 1,2, . . .). Hence
‖Tτnϕτn‖ = max0x1
1−τn∫
τn
k(x, y)h(y)ϕτn(y) dy  max0x1
1∫
0
k(x, y)h(y) dy
(n = 1,2, . . .)
and {Tτnϕτn} ⊂ C[0,1] is bounded.
For any n and x1, x2 ∈ [0,1],
∣∣(Tτnϕτn)(x1) − (Tτnϕτn)(x2)∣∣
1∫
0
∣∣k(x1, y) − k(x2, y)∣∣h(y) dy. (2.17)
It follows from (2.17) that {Tτnϕτn} ⊂ C[0,1] is equicontinuous since k(x, y) is uniformly
continuous on [0,1]×[0,1]. Without loss of generality, we may suppose by Arzela–Ascoli
theorem and λτn → λ˜1 that ϕτn → ϕ0 as n → ∞. Thus ‖ϕ0‖ = 1 and by (2.16), we have
ϕ0(x) = λ˜1
1∫
0
k(x, y)h(y)ϕ0(y) dy,
that is, ϕ0 = λ˜1T ϕ0. 
Theorem 2. Suppose the conditions (H1)–(H3) are satisfied, and
lim
u→0+
supf (u)/u < λ1, (2.18)
lim
u→+∞ inff (u)/u > λ˜1, (2.19)
where λ1 is the first eigenvalue of T defined by (1.8) and λ˜1 is as in Lemma 6. Then the
m-point boundary value problem (1.1) has at least one positive solution.
Proof. It follows from (2.18) that there exists r1 > 0
f (u) λ1u, ∀0 u r1. (2.20)
Define T2ϕ = λ1T ϕ, ϕ ∈ C[0,1]. Then T2 : C[0,1] → C[0,1] is a bounded linear operator
and
T2(P ) ⊂ P, r(T2) = 1. (2.21)
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(Aϕ)(x) λ1
1∫
0
k(x, y)h(y)ϕ(y) dy = (T2ϕ)(x), x ∈ [0,1],
hence Aϕ  T2ϕ, ∀ϕ ∈ ∂Br1 ∩P1. We may suppose that A has no fixed point on ∂Br1 ∩P1
(otherwise, the proof is finished).
In the following we show that
Aϕ = µϕ, ∀ϕ ∈ ∂Br1 ∩ P1, µ 1. (2.22)
If otherwise, there exist ϕ1 ∈ ∂Br1 ∩ P1 and µ0  1 such that Aϕ1 = µ0ϕ1. Thus µ0 > 1
and µ0ϕ1 = Aϕ1  T2ϕ1. By induction, we have µn0ϕ1  T n2 ϕ1 (n = 1,2, . . .). Then
µn0ϕ1  T n2 ϕ1  ‖T n2 ‖‖ϕ1‖, (2.23)
and taking the supremum over [0,1] gives µn0  ‖T n2 ‖. By Gelfand’s formula, we have
r(T2) = lim
n→∞
n
√
‖T n2 ‖ µ0 > 1,
which is a contradiction. Hence (2.22) is true and by Lemma 5, we have
i(A,Br1 ∩ P1,P1) = 1. (2.24)
By (2.19) and Lemma 6 it is easy to see that there exist a sufficiently small τ > 0 and
r2 > r1 such that
f (u) λτu, ∀u τr2, (2.25)
where λτ is the first eigenvalue of Tτ defined by (2.15).
Let ϕτ be the positive eigenfunction of Tτ corresponding to λτ , thus ϕτ = λτTτϕτ .
For every ϕ ∈ ∂Br2 ∩ P1, since ϕ is non-negative concave function, we know that for
x ∈ [0,1],
ϕ(x) ‖ϕ‖min{x,1 − x}.
Therefore, ϕ(x) τr2, x ∈ [τ,1 − τ ]. So
(Aϕ)(x) λτ
1−τ∫
τ
k(x, y)h(y)ϕ(y) dy = λτ (Tτϕ)(x), x ∈ [0,1]. (2.26)
We may suppose that A has no fixed point on ∂Br2 ∩ P1 (otherwise, the proof is finished).
Now we show that
ϕ − Aϕ = µϕτ , ∀ϕ ∈ ∂Br2 ∩ P1, µ 0. (2.27)
If otherwise, there exist ϕ2 ∈ ∂Br2 ∩ P1 and ρ0  0 such that ϕ2 − Aϕ2 = ρ0ϕτ . Hence
ρ0 > 0 and ϕ2 = Aϕ2 + ρ0ϕτ  ρ0ϕτ . Put ρ∗ = sup{ρ | ϕ2  ρϕτ }. It is easy to see that
ρ∗  ρ0 > 0 and ϕ2  ρ∗ϕτ . We find from Tτ (P ) ⊂ P that λτTτϕ2  ρ∗λτ Tτϕτ = ρ∗ϕτ .
Therefore by (2.26),
ϕ2 = Aϕ2 + ρ0ϕτ  λτTτϕ2 + ρ0ϕτ  ρ∗ϕτ + ρ0ϕτ ,
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that
i(A,Br2 ∩ P1,P1) = 0. (2.28)
By (2.24) and (2.28), we have that
i
(
A, (Br2 ∩ P1)\(Br1 ∩ P1),P1
)= i(A,Br2 ∩ P1,P1) − i(A,Br1 ∩ P1,P1) = −1.
Then A has at least one fixed point on (Br2 ∩P1)\(Br1 ∩P1). This means that the m-point
boundary value problem (1.1) has at least one positive solution. 
Remark 2. We have from the proof of Lemma 6 that λ˜1  λ1, but we do not know whether
λ˜1 = λ1.
3. Existence of multiple positive solutions
In this section we need the following well-known lemma (see [12]).
Lemma 7. Let E be a Banach space, and P be a cone in E, and Ω(P) be a bounded open
set in P . Suppose that A : Ω(P) → P is a completely continuous operator.
(i) If ‖Au‖ > ‖u‖, ∀u ∈ ∂Ω(P), then the fixed point index i(A,Ω(P),P ) = 0;
(ii) if θ ∈ Ω(P) and ‖Au‖ < ‖u‖, ∀u ∈ ∂Ω(P), then the fixed point index i(A,Ω(P),
P ) = 1.
Theorem 3. Suppose that the conditions (H1)–(H3) are satisfied, and
lim
u→0+
inff (u)/u > λ1, (3.1)
lim
u→+∞ inff (u)/u > λ˜1, (3.2)
where λ1 and λ˜1 are as in Section 2. If there exists r0 > 0 such that
f (u) < ηr0, ∀0 u r0, (3.3)
where η = (1 − D)(∫ 10 h(x) dx)−1, then the m-point boundary value problem (1.1) has at
least two positive solutions.
Proof. It follows from (3.1) and (3.2) that there exists 0 < r1 < r0 such that f (u)  λ1u
for 0 u r1 and there exist a sufficiently small τ > 0 and r2 > r0 such that f (u) λτ u
for u τr2, where λτ is the first eigenvalue of Tτ defined by (2.15). We may suppose that
A has no fixed point on ∂Br1 ∩ P and ∂Br2 ∩ P . Otherwise, the proof is completed.
It is easy to see that A(P) ⊂ P1. So we have from the permanence property of fixed
point index that i(A,Br1 ∩ P1,P1) = 0. It follows from the proof in Theorem 2 that
i(A,Br2 ∩ P1,P1) = 0.
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(Aϕ)(x)
1∫
0
k1(x, y)h(y)f
(
ϕ(y)
)
dy
+
(
m−2∑
i=1
aiξi
)(
1 −
m−2∑
i=1
aiξi
)−1
x
1∫
0
(1 − y)h(y)f (ϕ(y))dy

1∫
0
h(y)f
(
ϕ(y)
)
dy + D
1 − D
1∫
0
h(y)f
(
ϕ(y)
)
dy
<
1
1 − D
1∫
0
h(y)ηr0 dy = r0, x ∈ [0,1].
Then ‖Aϕ‖ < ‖ϕ‖, ∀ϕ ∈ ∂Br0 ∩ P1. Hence we have from Lemma 7 that i(A,Br0 ∩ P1,
P1) = 1. Therefore,
i
(
A, (Br0 ∩ P1)\(Br1 ∩ P1),P1
)= i(A,Br0 ∩ P1,P1) − i(A,Br1 ∩ P1,P1) = 1,
i
(
A, (Br2 ∩ P1)\(Br0 ∩ P1),P1
)= i(A,Br2 ∩ P1,P1) − i(A,Br0 ∩ P1,P1) = −1.
Then A has at least two fixed points on (Br0 ∩P1)\(Br1 ∩P1) and (Br2 ∩ P1)\(Br0 ∩ P1).
This means that the m-point boundary value problem (1.1) has at least two positive solu-
tions. 
Theorem 4. Suppose that the conditions (H1)–(H3) are satisfied, and
lim
u→0+
supf (u)/u < λ1, (3.4)
lim
u→+∞ supf (u)/u < λ1, (3.5)
where λ1 is the first eigenvalue of T defined by (1.8). If there exists r0 > 0 such that
f (u) > ηr0, ∀τr0  u r0, (3.6)
where τ ∈ (0,1/2) such that h(x) ≡ 0, x ∈ (τ,1−τ ), and η = (τ ∫ 1−ττ k1(x, x)h(x) dx)−1,
then the m-point boundary value problem (1.1) has at least two positive solutions.
Proof. It follows from (3.4) and (3.5) that there exists 0 < r1 < r0 such that f (u)  λ1u
for 0  u  r1 and there exist 0 < σ < 1 and r2 > r0 such that f (u)  σλ1u for u  r2.
We may suppose that A has no fixed point on ∂Br1 ∩P and ∂Br2 ∩P . Otherwise, the proof
is completed.
We have from the proof in Theorem 1 and the permanence property of fixed point index
that i(A,Br1 ∩ P1,P1) = 1. It follows from the proof in Theorem 2 that i(A,Br2 ∩ P1,
P1) = 1.
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non-negative concave function. Therefore, τr0  ϕ(x) r0, x ∈ [τ,1 − τ ]. In addition, it
is clear that k1(x, y) τk1(y, y), x ∈ [τ,1 − τ ], y ∈ [0,1].
Consequently, we have by (3.6) that for every ϕ ∈ ∂Br0 ∩ P1,
(Aϕ)(x)
1−τ∫
τ
k1(x, y)h(y)f
(
ϕ(y)
)
dy > τ
1−τ∫
τ
k1(y, y)h(y)ηr0 dy = r0,
x ∈ [0,1].
Then ‖Aϕ‖ > ‖ϕ‖. Hence i(A,Br0 ∩ P1,P1) = 0 by Lemma 7. Therefore,
i
(
A, (Br0 ∩ P1)\(Br1 ∩ P1),P1
)= i(A,Br0 ∩ P1,P1) − i(A,Br1 ∩ P1,P1) = −1,
i
(
A, (Br2 ∩ P1)\(Br0 ∩ P1),P1
)= i(A,Br2 ∩ P1,P1) − i(A,Br0 ∩ P1,P1) = 1.
Then A has at least two fixed points on (Br0 ∩P1)\(Br1 ∩P1) and (Br2 ∩ P1)\(Br0 ∩ P1).
This means that the m-point boundary value problem (1.1) has at least two positive solu-
tions. 
Remark 3. Since the proofs of the main theorems (Theorems 1 and 2) in this paper are
independent of the expression form of k(x, y) and only dependent on its continuity and
non-negativity, there are similar conclusions by analogous methods for the second-order
m-point boundary value problem (1.1) subject to other boundary value conditions, respec-
tively, the following:
(i) ϕ(0) =
m−2∑
i=1
aiϕ(ξi), ϕ(1) = 0, (3.7)
then
k(x, y) = k1(x, y)+
m−2∑
i=1
k˜∗i (x, y)
+ (1 − x)(1 − y)
(
m−2∑
i=1
aiξi
)[
1 −
m−2∑
i=1
ai(1 − ξi)
]−1
,
x, y ∈ [0,1],
where
k˜∗i (x, y) =


−ai
[
1 −
m−2∑
i=1
ai(1 − ξi)
]−1
(1 − x)(ξi − y),
0 y  ξi , x ∈ [0,1],
0, ξi  y  1, x ∈ [0,1],
i = 1,2, . . . ,m − 2;
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m−2∑
i=1
aiϕ(ξi), ϕ
′(1) = 0, (3.8)
then k(x, y) = k2(x, y)+∑m−2i=1 k˜∗∗i (x, y), x, y ∈ [0,1], where
k2(x, y) =
{
x, 0 x  y  1,
y, 0 y  x  1,
k˜∗∗i (x, y) =


ai
(
1 −
m−2∑
i=1
ai
)−1
y, 0 y  ξi , x ∈ [0,1],
ai
(
1 −
m−2∑
i=1
ai
)−1
ξi , ξi  y  1, x ∈ [0,1],
i = 1,2, . . . ,m − 2;
(iii) ϕ′(0) = 0, ϕ(1) =
m−2∑
i=1
aiϕ(ξi), (3.9)
then
k(x, y) = k3(x, y)+
m−2∑
i=1
k˜∗∗∗i (x, y)
+ (1 − y)
(
m−2∑
i=1
ai
)(
1 −
m−2∑
i=1
ai
)−1
, x, y ∈ [0,1],
where
k3(x, y) =
{
1 − y, 0 x  y  1,
1 − x, 0 y  x  1,
k˜∗∗∗i (x, y) =


−ai
(
1 −
m−2∑
i=1
ai
)−1
(ξi − y), 0 y  ξi , x ∈ [0,1],
0, ξi  y  1, x ∈ [0,1],
i = 1,2, . . . ,m − 2.
Obviously k(x, y) is continuous on [0,1] × [0,1] for any case above, and it is easy to
see that k(x, y) 0 (0 x, y  1) by (H3).
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